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1 Introduction 



In string theories the study of the solution spectrum for their effective field theory limits plays 
an important role ||, f2j, ||, [|]. This study includes both a straightforward construction of 
new solutions [Q, ||, |7|], [§], |]l(J and various applications of symmetry based generation 
procedures JTTJ] , |L2|], |13| . The subject of this paper is related to the former approach; in fact 



we propose a new possibility of generating string theory solutions in an explicitly symmetry 



invariant form starting from the well studied system of Einstein-Maxwell fields (see |Tjj and 
the references therein). Namely, we indicate a surprising possibility of extending the static 
solutions of the Einstein-Maxwell theory to the realm of both the four-dimensional heterotic 
string theory with one vector field [fL5[ |, JTH ], [ 17 ], [TEfl and the five-dimensional bosonic string 
theory pi. 



These two theories can be considered together when studying their extremal Israel- 



Wilson-Perjes type solutions |[20|| ; in this paper we present the continuous generalization 
of the corresponding results to the field of non-extremal solutions. We show that both the 
extremal and non-extremal solution subspaces can be represented in the remarkable Einstein- 
Maxwell form. We explore the close analogy between the heterotic (bosonic) string theory 
and the Einstein-Maxwell system [^T[] as some clear leading principle in the study of the two 
concrete string theories mentioned above. We also perform a consistent charging symmetry 
invariant reduction of the string theory inspired static Einstein-Maxwell system to the effec- 
tive three-dimensional Einstein-dilaton theory - a procedure which relates, for example, the 
Schwarzshild black hole solution to the Nordstrom-Reissner one [TI] . 



The black hole physics seems to be the most promising field of applications of the new 
approach developed in this article. This statement is based, from one side, on its hidden 
symmetry invariant property, which leads to the construction of symmetry non-generalizeble 
asymptotically flat classes of solution, and, from the other side, on its close relation to the 
well studied field of classical black hole solutions in Einstein- Maxwell theory J22] . The answer 
to the natural question about the extension of this new approach to the case of string theories 
with d + n > 2 will be given in a forthcoming publication P3| . The experience obtained in 
the field of extremal solutions [Q leads to the separation of all these effective string theories 
(with arbitrary values of d and n, excepting the case of d — 1, n — which does not possess 
extremal solutions and is equivalent to a double General Relativity system in the stationary 
case) in two classes: the first class contains the two special theories under consideration (with 
d + n = 2), whereas the second one encloses all the remaining theories (with d + n > 2). 
In fact, the latter systems can also be incorporated into the approach developed below after 
some simple but important modifications of the presented formalism. 
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2 3D heterotic string theory: review of new formalism 



In this paper we actively explore a new formalism developed in details in |20 for the general 
case of the D-dimensional low-energy heterotic string theory with n Abelian gauge fields (the 
bosonic string theory corresponds to the special case of n = 0). We consider the toroidal 
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compactification of this theory to three spatial dimensions originally performed in [p4 
and settled in a convenient form in [2?J, pifl and [21J. Let us briefly review some elements 
of this new formalism which are necessary for the further analysis. 

Thus, we start with the action for the bosonic sector of the low-energy heterotic string 
theory 0: 



S D = J d D X\detG 



mn\ 2 e 



R D + $ M$ 



.M 



1 TT ttMNK 1 jpl 

-y^tiMNKti — -r 



?IMN 



MN J 



(2.1) 



OmA^ - d N A 



where H MNK = d M B NK - \A M F^ K + cyclic {M,N,K} and F MN 
Here X M is the M-th (M = 1, ...,£)) coordinate of the physical space-time of signature 
(—,+,...,+), G mn is the metric, whereas B MN and A M (I = l,...,n) are the dila- 
ton, Kalb-Ramond and Abelian gauge fields, respectively. To determine the result of the 
toroidal compactification to three dimensions, let us put D — d + 3, X M = (Y m , x^) with 
Y M = X m (m = l,...,d) and x M = X d+ ^ (/i = 1,2,3) and introduce the dx d matrix 
G = diag (—1; 1, 1), the (d + 1) x (d + 1) and (d + 1 + n) x (d + 1 + n) matrices S 
and H of the form diag (—1, — 1; 1, 1), respectively, and the (d + 1) x (d + 1 + n) matrix 
field Z = Z(x x ) together with the three- metric h^ u = h^ u (x x ). In [|(J it was shown that 
the resulting theory after the toroidal compactification of the first d dimensions Y m can be 
expressed in terms of the pair (Z, h^ v ); its effective dynamics is given by the action 



S 3 = J d 3 xh^ (-R 3 + L 3 



(2.2) 



where R 3 = R^h^ is the curvature scalar for the three-dimensional line element ds\ 



h iliV dx il dx v and 



Tr 



vz (s- z Ts lz) \z t (p- zez t ) 1 



(2.3) 



It is important to note that in the present notations Y 1 corresponds to time, thus, we 
consider stationary equations of motion and x M are the coordinates on the Riemannian 
three-dimensional space. To translate this (a-model) description into the language of the 
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field components of the heterotic string theory, let us introduce three doublets of (Z, h^ u )- 
related potentials {M. a , f2 a ) (a = 1, 2, 3) according to the relations 

Mi = n~\ v x fix = f, 

m 2 = n~ x z, vxfl 2 = w l vz - fz, 

m 3 = z T rc x z, v x n 3 = vz T w 1 z - z T w l vz + z t jz, (2.4) 

where H = ^-ZEZ T and J = H~ l (ZEWZ T - WZEZ T ) Tir 1 . In Eq. the scalars M a 

are off-shell quantities, whereas the vectors fl a are defined on-shell. The scalar and vector 
potentials forming any doublet have the same matrix dimensionalities; let us represent them 
in the following block form 



lxl 1 x d 
d x 1 d x d 



lxl 1 x d 1 x n 
d x 1 d x d d x n 



/lxl 1 x d 1 x n 
d x 1 d x d d x n 
\ n x 1 n x d n x n 



(2.5) 



for a = 1,2,3 respectively, where, for example, the '13' block components of the potentials 
M. 2 and Q 2 are 1 x n matrices. Afterwards, let us define the following set of scalar and 
vector quantities: 

S = -M hll + 2^2,11 - M 3 ,n, 

St = G Mi :22 G + G M 2 ,22 + (M 2 ,22) T G + M 3i22 + Sq 1 [-Mi >12 G - M 2il2 + 



+(M 2i21 ) T G + M 



3,12 



T r 



-M hl2 G - M 2>12 + (M 2 ,2i) G + M 



3,12 



S 2 = G M h22 - G Q M 2 , 22 G + (^2,22) - M 3 , 22 G - 1 + S [-M lA2 G - M 2A2 + 

n T r 

+(M 2t21 ) T G + M 3:12 Mi >12 - M 2 , 12 G + (-M 2 ,2i) T - -^3,12^ 



S 3 = V2 



G M 2)23 + M 3 , 23 + S (-M 1A2 G - M 2 ,i2 + (M 2 ,2i) G + M 3A2 



X 



x (M 2 , 13 + M 3A3 )\ ; 

V\ = —^1,12^0 + ^2,12 + (^2,2l) T Co + ^3,12 
V 2 = —^1,12^0 — ^2,12^0 + (^2,2l) — ^3,12^0 , 

v 3 = V2 (^2,13 + ^3,13) T ■ 

In terms of them the heterotic string theory fields read 



(2.6) 



r/s 2 - ds 2 



(dY + V^dx^Y S^(dY + V lv dx v ) + S ds 



3- 



4 



B 



S detail 2 , 

I ^ Jm 



B 



d+/i d+v 



'3/ r , 
mi 



= (-v*. + S^Vj 



1/J 



(2.7) 



At the end of this section we would like to make two remarks. The first one concerns the 
procedure of constructing the solutions and their final representation; namely, it is convenient 
to perform the basic construction of the solution in terms of Z and and leave the result 
in the Q2.71) form giving explicit expressions for the quantities S a , V a and So,Si,detSi. 
The second one is related to the hidden symmetries of the compactified theory ( |2.2| ) 
It is easy to see that the transformation 



2 — > C\ZCj2 



{21 



is a symmetry if Cf £Ci = X and Cj SC*2 = 5. In [^T|] and [20] it was shown that this 
symmetry coincides with the total group of the three-dimensional charging symmetries of 
the theory. This group does not affect the trivial spatial asymptotics of the fields and forms 
the base for the three-dimensional generation technique of asymptotically flat solutions of 
the theory. The ^-representation, being the matrix potential representation with the lowest 
possible matrix dimensionality (the cr-model ( |2.2D -( [OD is in fact a symmetric space model 
parameterizing the coset 0(d + 1, d + 1 + n)/0(d + 1) x 0(d + 1 + n), see |25j and pOf ) 
provides a linear realization of the charging symmetry transformations. These facts allow 
one to construct asymptotically flat classes of solutions in an explicitly charging symmetry 
invariant form. In the next sections we give concrete illustrations to the remarks formulated 
above. 



3 String theories from static Einstein- Maxwell system 

As it was pointed out in the Introduction, the close analogy between the heterotic (bosonic) 
and the Einstein-Maxwell theories will be used as certain underlying principle in the study 
of the two concrete string theories under consideration. This analogy, or correspondence, 
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was originally indicated in [^TJ; its explicit off- and on-shell status was established in [ZOfl, 
whereas some natural applications were given in [27], |28 and [29|. To formulate the corre- 
spondence in appropriate terms, let us represent the Einstein-Maxwell theory in a form very 
similar to the heterotic (bosonic) string theory one ( p.2|) -( p73|) . Namely, let E and F be the 
conventional Ernst potentials of the stationary Einstein-Maxwell theory f30 |. Let us express 
the corresponding three-dimensional Lagrangian 



L 



EM 



2/2 



VE - FVF 



(3.1) 



where / = |(£7 + E — \F\ 2 ), in terms of the 1x2 complex potential z with 



and (compare with f31| 



The result reads: 



where a 3 = diag (1—1) 



l-E 

1 + E'' 



Z-2 



V2F 
1 + E' 



'EM 



Vz(a 3 - z + z)^Vz^ 
1 — za 3 z + 

Now, comparing Eqs. ( |2.3j ) and ( 
Z < — > z, S < — > cr-?, S < — 



(3.2) 
(3.3) 
(3.4) 

, it is easy to see that the map 

(3.5) 



together with the operation interchange T relates the heterotic (bosonic) and Einstein- 
Maxwell theories up to the factor '2'. However, this factor becomes necessary when consid- 
ering the explicit on-shell realization of the correspondence (|3.5|) for the string theories with 
d + n > 2. Namely, it is possible to identify the Einstein-Maxwell theory with some special 
truncation of the string theory with d — 1 and n = 2 [27], and after that, to extend this 
result to the case of an arbitrary theory with d+n > 2 in a charging symmetry invariant form 
using the projectional formalism developed in [p9[| . The above mentioned special truncation 
is in fact a consistent ansatz with the 2x4 potential parameterized as 



— \Zif\ Z*2) 

where the block components Z* a (a = 1, 2) are taken in the form 



I 



(3.6) 



(3.7) 
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and the complex functions z a = z a + iz a correspond to Eq. (|3~2|). The statement is that 
in this special case, the heterotic string and the Einstein-Maxwell theories coincide on-shell; 
in particular the Lagrangians ( |2.3j ) and Q3.4p are equal if Eqs. ( ^.6| ) and ( |3.7| ) take place. 
Finally, the extension of stationary Einstein-Maxwell theory to the case of heterotic string 
theory with d + n > 2 is given by the map 

Z*^Z = LZ*R T , (3.8) 

where L T T,L = £*, R T ER = and the matrices E#, and E, S correspond to the theories 
with and Z, respectively. It is easy to see that for the two exceptional string theories 
with d + n = 2 this exact on-shell realization ( |3.6| )-( |3TE| ) of the correspondence ( |3.5| ) becomes 



impossible, thus, in this case the relations ( |3.5| ) possess a formal character. However, as it is 
shown below, a surprising on-shell correspondence between the string theories with d + n = 2 
and the Einstein-Maxwell system nevertheless exists if we appropriately truncate both the 
string and Einstein-Maxwell theories. 

The necessary truncation naturally arises in the framework of the continuous generaliza- 
tion of the general extremal Israel- Wilson-Perjes class of solutions established for the string 
theories with arbitrary values of the parameters d and n in . This class can be represented 
in terms of the ansatz 

Z = AQ, (3.9) 

where A is a (d + 1) x 1 matrix function and Q stands for a 1 x 3 constant matrix parameter 
for the theories with d + n = 2. The class of extremal Israel- Wilson-Perjes solutions arises 
when the (numerical) parameter k, defined by the relation 

k=QZQ t , (3.10) 

vanishes, the dynamical quantity A is harmonic and the three-metric is flat. In the 
Einstein-Maxwell theory the situation is extremely similar to this one according to the cor- 
respondence rule ( p~5|) : the ansatz z = Xq, where A is a complex function and q is a 1 x 2 
constant complex parameter, gives the conventional Israel- Wilson-Perjes class of solutions 
if the parameter k = qu^q + iz zero, A is harmonic and the three-metric is again flat. The 
consideration of this ansatz in the case of an arbitrary value of k naturally leads to a contin- 
uous generalization of the extremal class of Israel- Wilson-Perjes solutions to non-extremal 
classes. In the framework of this continuous extension, both extremal and non-extremal 
Kerr-Newman-NUT solutions with the electric and magnetic charges belong to the same 
family of solutions. The main idea of this article is to perform the corresponding contin- 
uous generalization of extremal classes of solutions for string theories with d + n = 2 to 
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non-extremal ones by considering the ansatz ( |3.9| ) with a non-zero value of the parameter k 

(EM)- 

This consideration must be performed on-shell. The straightforward substitution of the 
ansatz ( fT9|) into the equations of motion derived from Eqs. ( |2.2j ) and (|2T3|), leads to the 
following system of equations: 



V Z A + 2kVAA E - kAA 1 VA = 0, 



-i 



Rz^u — ^Tr 



A tQt (l - kA t £A) 'aJ^E-kAA 7 ) 1 



(3.11) 



It is clear that in the case k = we come back to the extremal case studied in |201 , whereas 



for k ^ we have the above announced continuous extension of the formalism to the non- 
extremal case. Below, in this section, we study the situation in which k / 0; here the 
equations (|3.11|) correspond to the effective Lagrangian 



J eff 



VA (l - kA t SA) 1 VA T (S - kAA t 



(3.12) 



This Lagrangian has a quasi string theory form. To clarify this statement, let us introduce 
the new dynamical variable 



C = (-«)* A 1 



(3.13) 



and consider the special case k < 0. Let us also unify the two constrained string theories, i.e. 
the d = n = 1 and d = 2, n = models restricted by Eq. (|3.9| ), into a single construction, 
which in fact will correspond to the former system. For this system £ = H = diag (—1,-1,1) 
and ( = (Ci, C2, Cs)- An evident statement is that the latter system arises in the special case 
when (3 = 0. Thus, it is possible to consider the d — n — 1 heterotic string theory ansatz as a 
(consistent) subsystem of the d = 2, n = bosonic string theory one. Finally, both systems 
are simultaneously described by a single effective theory which, however, is not exactly of 
the form ( |2.3| ) in view of the fact that the string matrix potential Z must contain at least 
two rows. Interestingly, both these problems can be solved by the formal introduction of the 
following 2x3 potential 



Z 




(3.14) 



together with the corresponding matrices S and 5. In these terms the effective theory takes 
the form of Eq. (|2.3|) and can be interpreted in the framework of the d — n—1 heterotic 



S 



string theory restricted by the relation (|3.14 ) which is a consistent ansatz for the d = n 
theory. 



Now it is possible to apply the Ernst matrix potential approach to obtain an appro- 
priate interpretation of this effective theory in terms of the well known classical systems of 
gravity. This approach is based on the use of a pair of Ernst matrix potentials X and A 
defined by the relations 

;r = 2(z 1 + sr 1 -£, a = V2(z 1 + zy 1 z 2 , (3.15) 



where Z = {Z\ Z 2 ), compare to Eqs. ( |3.6| )-( [37^ ). In terms of these potentials the Lagrangian 
73|) takes the form 



Tr 



- (yx - vaa t ) g- 1 (vx T - ava t ) g- 1 + U^vava 1 



(3.16) 



where g = ^(X + X T — AA T ). By substituting ( |3.14p into ( |3.15| ) and then performing the 
calculations, we arrive to the effective Lagrangian 

Leff = -^T 2 + j (VV 2 - W 2 ) , (3.17) 
where the scalar potentials J 7 , V and U are 



1 - c? - cl + ci „ . c 



T = (i-c,)' ' V = T^T' M = T^- (3 - 18) 

A classical interpretation of the effective theory is now clear: the quantity \T\ can be 
considered as the —Gu component of the static Einstein-Maxwell theory, whereas \/2V and 
\^2U, as the electric and/or magnetic potentials of that theory. Thus, in the framework of 
this interpretation one immediately obtains 

Leff = -jL EMl (3.19) 

where Lem is the corresponding Einstein-Maxwell Lagrangian in the static case. Note that 
for T > {T < 0) the potential V (U) must be imaginary and U (V) must be real in 
order to perform such identification. One also must remember that for the d = n = 1 
theory U = 0, whereas for the d = 2, n = model this dynamical variable is not restricted. 
Let us now considrer the case U = for both string theories. If T < we have the 
conventional interpretation of the effective theory in terms of the static electric (magnetic) 
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Einstein-Maxwell system; if T > the potential V becomes essentially imaginary. Actually, 
the conventional static Einstein-Maxwell theory with either electric or magnetic potential 
corresponds to an indefinite cr-model, whereas the case under consideration [T > 0), to a 
positive definite one. 

An interpretation of the effective theory with U = and T > in terms of well known 
gravity models with strictly real fields takes place when one identifies JF2 and V with the 
—Gu and the rotational metric component, respectively. In turns out that in this case one 
can establish the following relationship 

L eff = 2L GR , (3.20) 

where Lqr is the conventional Lagrangian of stationary General Relativity. Note that the 
two special cases considered above (with negative and positive values of T) are related by 
the map 

-F< — V< — >iV, (3.21) 



which is nothing else than the classical Bonnor transformation | 52fl . A last remark related 



to the factors '|' and '2' is in order: when considering the axisymmetric theory these factors 
lead to the maps 7 « — ► ^7 and 7 < — > 27, respectively, where 7 = 7(p, z) enters the line 
element in the Lewis-Papapetrou form 



ds\ = e 7 (dp 2 + dz 2 ) + p 2 dip 2 ; (3.22) 



thus, such maps do not affect our identifications. 

At the end of this section let us establish all the hidden symmetries of the effective theory 
(3.17). In order to do this, let us introduce the 2x2 matrix 

M =( Li f f f -i r ) > (3-23) 



/ Xi f + f XiX 



r 



where / = | T\ 2 , Xr = V + U and xi — sign(J r )(V — IX). It is easy to see that this matrix 
parametrizes the group SL(2, R); a less obvious fact is that 

L eff = ±Tr(VMM- 1 )\ (3.24) 

i.e., our complete (U 7^ 0) effective theory (3.17) coincides with the SL(2, R) principal chiral 
model coupled to gravity. From this fact it immediately follows that the group of symmetry 
transformations acts as 

M — ► CfMC r , (3.25) 
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where the unimodular constant matrices C^ r can be obtained from M by making use of 
the substitutions / — > si >r , xi — * A,r and Xr — ► ®i,r- It is worth noticing that the 
transformations C\ and C r are independent each other, thus, there is no relation between 
the —I and — r labeled constant parameters s^ r , ot^ r and (3^ r . For example, one can fix C\ = 1 
and then write down the transformations that correspond to the parameters s r , a r and /3 r ; 
the result reads: 

/ ► S r f, Xr ► S^Xr, Xl ► Xh (3.26) 

/ ► /, Xr ► Xr + OC r , Xl ► Xh (3-27) 

j > f y Xr ^ ^ Xl + fir (P + XlXr) , g ^ 

Here the transformation (3.26) plays the role of scaling, whereas (3.27) and (3.28) are shift 
and Ehlers-type maps, respectively Of course the matrix C r generates the transformations 
which can be obtained from (3.26)-(3.28) using the interchange r < — > I in these relations. 

Let us now discuss the special case corresponding to the subgroup of charging symmetry 
transformatoins. This subgroup preserves the trivial solution of the theory under considera- 
tion. Such a solution corresponds to the matrix M = M = 1 since for this special value one 
obtains Z = (see Eqs. (3.13)-(3.14),(3.18) and (3.23)). Thus, for the subgroup of charg- 
ing symmetries one obtains C\ = Cj _1 from Eq. (|3.25|) , or, in terms of the corresponding 
parameters 

Sl = 2 ~f> ' ai = 2 ^ a » P* = 2 T a ■ ( 3 - 29 ) 

Some remarks on the d = n = 1 string theory are in order. It is clear that the effective 
theory with W^O corresponds to the string theory with d = 2 and n = 0. The theory with 
d = n = 1 implies U = 0, which in turn leads to xi = Xr = X-, an d thus, M = M T when 
T > 0. Thus, we deal with the symmetric space model SL(2,H)/SO(2) coupled to gravity 
which is, in fact, equivalent to the stationary General Relativity theory up to a factor '2' as it 
was explained above. The transformation rule ( ft.25| ) must preserve the symmetric property 
of M, this implies that C\ = C r = C G SL(2, R). For these symmetric space the parameters 
si = s r = s, on = « r = a and fii — (3 r = (3 define the conventional scaling, shift and Ehlers 
maps. On the other hand, the one-parameter charging symmetry subgroup is given by the 
transformation 

z — ► e ie z, (3.30) 
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where z = j^g, £ = f + ix, e — 2arctan/3 (the remaining parameters are related to (3 as 
follows a = —(3 and s = a/1 + (3 2 ). 

We hope to use the principle chiral model (3.23)-(3.24) for the generation of new solutions 
in a forthcoming article. In the next section we perform a further reduction of the effective 
theory (3.17) to the cr-model with a single dynamical variable in a charging symmetry 
invariant form. Our goal is to obtain an effective dilaton gravity system with arbitrary 
coupling which allows one to consider the general field configurations of Nordstrom-Reissner 
type in both the d — 2, n = and the d = n = 1 string theories. 



4 Explicit solutions via 3D dilaton gravity 

In order to perform this truncation in the most general form, let us come back to Eq. ( |3.11| ) 
and consider the new consistent ansatz 

A = mV T , (4.1) 

where \& is a dynamical function and V is a 1 x id + 1) constant row. The resulting system 
of equations of motion reads: 

V 2 = 0, 

#3 /h, = cr<f>, n<l>,v, (4.2) 

where we have set a = tk, 



t = VZV T (4.3) 



and 



tanh(cr2 0) 

* = \ . (4.4) 

(T 2 

The parameter a plays the role of the dilaton-gravity coupling; we identify the field <p with 
the effective three-dimensional dilaton interacting with the three-metric field h^ v according 
to the equations ( |4.2|) . Note that, in general, a has arbitrary sign and for any sign of a 
the relation (|4.4j ) is real. Namely, for a = we understand Eq. ( [4.4|) in the sense of the 
limit procedure, thus, in this case ^ = <\>\ for a < Eq. ( |4.4j ) can be rewritten as $ 

tan ((-cr)^<i 



{-a)2 



In this section we shall construct solutions for the d — n — 1 and d = 2, n = 
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string theories as extensions of an arbitrary solution (0, h^) of this effective dilaton gravity 
system. Our extensions will preserve the asymptotical triviality of the seed solutions in 
the following sense: dilaton gravity solutions with Coulomb behavior at spatial infinity are 
mapped to string theory solutions possessing the same underlying property. This means 
that we must perform our extension procedure in such a way that all possible Dirac string 
peculiarities, which naturally arise in the framework of any more or less general symmetry 
based solution-constructing technique, will vanish. For example, in General Relativity the 
Ehlers symmetry transformation |33|] generates the parameter NUT from the asymptotically 



trivial Schwarzshild solution; the resulting family of Taub-NUT solutions [14| possesses a 



Dirac string peculiarity of rotational type. In the pure General Relativity it is impossible 
to specify the generation procedure in the above mentioned sense because, in fact, there 
exists only a one-parametric charging symmetry transformation whose 'specification' leads 
to an identical map. This transformation coincides with the Ehlers symmetry which must 
be 'normalized' to preserve the asymptotical flatness property, see, for example, PH , where 
this material together with its straightforward generalization to the string theory case is 
considered in details. Note that in our approach all the classical nonlinear symmetries (like 
the Ehlers and Harrison transformations) arise in a matrix-valued framework; nevertheless 
it is possible to identify some string theory symmetries as the Harrison and Ehlers maps 
in the conventional non-matrix sense, see [[34], [35]. It is clear that in the string theories 



under consideration the group of charging symmetries has a much more rich structure [pO 
moreover, it is possibile to relate different string theories labeled by distinct values of the 
parameters d and n in a charging symmetry invariant form p9 . All these facts allows one to 



realize the above mentioned extension program not only in the case of the two special string 
theories under consideration, but also for the general case. Below we give the corresponding 
results for the d = n = 1 and d = 2, n = theories. 

The concrete asymptotically trivial and charged dilaton gravity solution of Nordstrom 
-Reissner type reads 

1 , I R + ma^ 



-log 



— ma 2 

,2 j D 2 i /n2 „^2\/jn2 , -2 



dsl = dR 2 + (R 2 - am 2 )(d6 2 + sin 2 6dcp 2 ), (4.5) 

where m is an arbitrary real parameter. We note again that the 0-relation in Eq. (f4.5|) is 
real and well defined for the arbitrary sign of a: if a = then cf> = *Jp ; for a < one also 

has from Eq. (pD that = 1 ^ arctan ( 2 g~^/^ . Thus, Eqs. §3), fl4f) and 



give a correct solution of Eqs. ( |3.11| ) which have, as it is easy to see, the standard monopole 
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behavior at spatial infinity. From Eqs. ( [4.4| ) and ( |4.5| ) it follows that the parameter -y/2m 
plays the role of the formal Coulomb charge of this solution. The solution ( }4.5| ) gives a 
concrete realization of the on-shell field configurations of the general charged dilaton gravity 
with the trivial asymptotics at spatial infinity. In principle, our further analysis can be 
related to such general asymptotically flat solutions. However, we shall take into account 
just the special class of solutions corresponding to the Nordstrom-Reissner one. 

Our next step is to calculate the matrix potentials M. a and Q a according to Eq. (|2.4j ). In 
order to get the more symmetric form of the resulting formulas let us redefine the parameter 
V as V — > "PE; this map preserves the r- value, see Eq. (|4.3j ). The result reads: 



sinh 2 ((72 0) 
Mi = E + ^ J -V T V, fix = 0; 

T 

sinh (a^d)) cosh ( a^6] _ 
M 2 = ^ '— ^ J -V T Q, Vl 2 = u)V T Q; 

sinh 2 (cr5 0) 

M 3 = ^ -Q Q, Q 3 = 0, (4.6) 

K 

where the vector function uj is defined on-shell by the relation 

V x uj = V0. (4.7) 



The explicit calculation of uj in the case of the solution (|4.5|) gives the following only non-zero 
component of this vector function 



UJ 



V2mcos6. (4. 



Of course, one obtains the same asymptotical value of uj for the general solution of the 
dilaton gravity with a leading term of monopole type. 

Now let us compute the potentials Sq, S a and V a for the two concrete string theories 
under consideration. For the d = n = 1 theory V = {V\,V<i) and Q = (Qi, Q 2 , Q3) are 
1x2 and 1x3 rows respectively, whereas E = -1 is a 2 x 2 matrix and Go — — 1 is a 
number. In this special case the block segmentations given by Eq. (|2.5|) coincide with the 
usual matrix structures and all the calculations are especially simple. So, for the potentials 
V a one immediately obtains that 

V 1 = (V 1 Q 2 -V 2 Q 1 )u, V 2 = (V l Q 2 + V 2 Q l )ul, V 3 = V2ViQ 3 ul. (4.9) 

These vector quantities lead to the appearance of Dirac string peculiarities for the metric 
(the NUT parameter), gauge (the magnetic charge) and Kalb Ramond fields according to 
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Eqs. ( |2.7| ) and ( |4.9| ). In order to remove these peculiarities and to obtain the guaranteed 
asymptotically flat string theory solutions which correspond to the charged solutions of the 
effective dilaton gravity system, one must restrict the parameters V and Q in such a way 
that all the quantities V a vanish identically. Let us also keep the arbitraryness of the a value 
for the restricted class of solutions in order to preserve the possibility of working within 
dilaton gravity with arbitrary coupling. These conditions lead to a unique choice of the 
restriction: V\ — Q\ — and arbitrary values for the remaining parameters V%, Q2 and Q3. 
In this special case the calculation of the scalar potentials becomes much simpler and one 
finally obtains Sq = 1 and 



Si = - 



S-2 



, j s sinh (a 2 

cosh fo-2 0J + Qr v 

sinh (a^ 



Q: 



V2Q: 



K,) 2 



(-K)2 

sinh (cr^(p\ 



-k) 2 



cosh ( cr 2 (f) ) + Q 



sinh (a 2 <; 

(-AC 2 



(4.10) 



where now r = — P2 and K — — Q2 + Q%- Note that the parameter P 2 can be removed from 
Eqs. ( |4.5| ) and ( |4.10|) with the help of the substitutions a — > — ac, <fi — > and m — >■ l^l^- 
Equations ( |4. 1CJ| ) define the extension of the arbitrary solution of the dilaton gravity system 

1 theory completely. This extension is automatically free 
0) (up to construction of this extension). In 



(4.2) to the case of the d = n 
of any string peculiarity of Dirac type (V a 
particular, the solution (O) leads to charged asymptotically trivial heterotic string theory 
fields. 

Now let us consider the bosonic string theory case with d = 2, n — 0. Here the block 
structure of the matrix potentials Ai a and Q a is not trivial, and it is convenient to param- 
eterize the 1x3 rows V and Q as V = (V\, P) and Q = (Qi, Q) where P = (P 2 , P3) and 
Q = (Q2, Q3), respectively. The calculation of the V^-potentials gives the following result: 



Vi = (ViQ T - Qia 3 P T ) C3, V 2 = (v 1( r 3 Q T + Q x P l 



(4.11) 



where 03 = —Go in this theory. A further removal of the Dirac string peculiarities from 
the solution leads again to the restriction V\ — Q± — and to arbitrary values of P and Q 
under the same assumptions that in the previous case. Then, one obtains again that 5*0 = 1, 
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whereas for the remaining part of the scalar potentials one has the following relations: 

sinh (a 2 0^ cosh (a^ 



Si = -03 + sinh 2 (cr^0) 



P T P | Q T Q 



S 2 = sinh 2 (a 2 0) 



p t p , q t q 



CT 2 



P'Q+QP 1 (4.12 



+ 



r 



0-3 4 



sinh (a 2 0) cosh (a 2 0) 



a 2 



Q T P-PQ 1 



0-3, 



where now r = —Pa 3 P T and k = ~Qu^,Q T (we have also performed the map P — > (T3P 
which preserves the r- value and leads to some simplifications of the result). The last step 
is to calculate the quantities detSi and S{ . For detSi, after some algebra, one concludes 
that 



det Si 



sinh ( cr 2 ) 
cosh (<jt0) + \ -Qa 3 P T 



a 2 



(4.13) 



whereas for Si 1 one simply obtains Si 1 = fets^ ^^T a2 ^ n y i ew °f its 2 x 2 matrix nature. 
Eqs. ( [4.12j ), ( |4.13| ) together with the relations \4 = and the above calculated quantity 
Si 1 completely define the d — 2, n — bosonic string theory extension of the effective 
three-dimensional dilaton gravity. Again, up to construction, this extension is automatically 
free of any Dirac string peculiarity. This last step completes the program formulated at the 
end of the previous section; any further analysis will be related to the special choice of the 
solution of the dilaton gravity system of equations (|4.2|). In this context we refer to the 



Nordstrom-Reissner type solution given by Eq. ( [4.5|) as to the typical monopole solution 
which is widely represented in the classical a-model gravity theories. 



5 Conclusion 

The results of this article allows one to transform static electromagnetic solutions of the 
Einstein-Maxwell theory to the corresponding solutions of the five-dimensional bosonic string 
theory and also to extend the electric (magnetic) static Einstein- Maxwell fields to the four- 
dimensional heterotic string theory with one vector field. As an alternative starting theory 
for the generating procedure it is possible to use the stationary General Relativity. Let 
us note that in our approach all the classical starting systems arise in some interpretation 
invariant form. This means that we do not actually start from, for example, General Relativ- 
ity which represents the string theory ansatz with vanishing matter fields and Kaluza-Klein 
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metric modes. In fact our Einstein-Maxwell and General Relativity subsystems arise as 
some formal objects from the symmetry invariant point of view and their physical nature 
is nothing else than a very special choice of the starting theories in the framework of our 
formalism. The same situation takes place in the effective three-dimensional dilaton grav- 
ity, which we have explored in details as the natural and the simplest physically interesting 
starting system. In particular, we have presented explicit relations for the extension of the 
solutions of the dilaton gravity system with arbitrary value of coupling to both the heterotic 
and bosonic string theories under consideration. More precisely, we have shown that this 
extension can be performed in a form which is free of any peculiarity of Dirac string type for 
solutions with a leading term of monopole type at spatial infinity. Note that the removal of 
these peculiarities means in fact some gauge fixing with respect to the subgroup of charging 
symmetries. This subgroup forms a total invariance class of extensions which are free of any 
parameter fixing. Actually, the general dilaton gravity extension scheme is related to arbi- 
trary parameters V and Q, which effectively transform as V — > VUCi and Q — > QC2 under 
the charging symmetry subgroup of transformations ( |2.8| ). However, the consistent removal 
of peculiarities demands the vanishing of the first components of the rows V and Q - a condi- 
tion which does not hold when applying general charging symmetry transformations. Thus, 
the charging symmetry invariant class of string theory charged solutions related to the dila- 
ton gravity subsystem definitely contains Dirac string peculiarities, whereas the completely 
asymptotically trivial string theory field configuration is charging symmetry non- invariant. 

As it was briefly mentioned in the Introduction and also partially supported by our 
Nordstrom-Reissner solution example, the natural and the nearest applications of the new 
solution generation procedure proposed in this article is black hole physics. We hope to 
generalize our approach to the case of string theory with arbitrary dimensionality and with 
arbitrary number of the Abelian gauge fields. The leading principle for this generalization 
will be related to demanding a continuous and charging symmetry invariant extension of the 
general Israel- Wilson-Perjes class of solutions [2(| to the non-extremal case. In a forthcoming 
publication |23] we hope to realize this program and to reach, in particular, the critical cases 
for the heterotic and bosonic string theories, which are the most interesting from the physical 
point of view. 
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